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A Simple Analytical Expression for the Gradient
Induced Potential on Active Implants During MRI
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Vakur B. Erturk, and Ergin Atalar

Abstract—During magnetic resonance imaging, there is an in-
teraction between the time-varying magnetic fields and the active
implantable medical devices (AIMD). In this study, in order to
express the nature of this interaction, simplified analytical expres-
sions for the electric fields induced by time-varying magnetic fields
are derived inside a homogeneous cylindrical volume. With these
analytical expressions, the gradient induced potential on the elec-
trodes of the AIMD can be approximately calculated if the position
of the lead inside the body is known. By utilizing the fact that gra-
dient coils produce linear magnetic field in a volume of interest, the
simplified closed form electric field expressions are defined. Using
these simplified expressions, the induced potential on an implant
electrode has been computed approximately for various lead posi-
tions on a cylindrical phantom and verified by comparing with the
measured potentials for these sample conditions. In addition, the
validity of the method was tested with isolated frog leg stimulation
experiments. As a result, these simplified expressions may help in
assessing the gradient-induced stimulation risk to the patients with
implants.

Index Terms—Active implantable medical devices (AIMD),
gradient fields, magnetic resonance imaging (MRI), stimulation
risk.

I. INTRODUCTION

A LTHOUGH magnetic resonance imaging (MRI) is known
to be a very safe diagnostic technique, patients with active

implantable medical devices (AIMD) are generally not allowed
to be scanned because of the undesirable interaction between
the electromagnetic field generated by the MRI scanner and
AIMD. While the effects of static magnetic and radiofrequency
electromagnetic fields have been widely studied, the interaction
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between the implants and the gradient magnetic field has not
been studied in depth.

In MRI, gradient waveforms are usually designed as pulses.
Their ramp up and down times are usually considered as dead
times and minimized for maximum performance. On the other
hand, a rapidly switched gradient magnetic field induces an
electric field inside the body that may cause nerve stimula-
tion [1]. In the presence of an AIMD, the risk of stimulation
increases [2]. In particular, when a cardiac pacemaker or an
implantable cardioverter-defibrilator is present in the patient
during an MRI examination, possibility of cardiac arrest is a
very serious concern [3], [4].

To investigate the peripheral nerve stimulation risk and the
threshold value, in the absence of any metallic implant, theoret-
ical and experimental studies have been carried out [5]–[12]. In
these studies, electric field distributions are analyzed for theo-
retical explanations of the stimulation risk. For the electric field
measurements, field probe is used in [12]. However, it is useful
only for the measurement of the induced electric field at the body
boundary. Furthermore, to define the induced electric field, both
computational methods such as finite difference time domain [8]
and analytical calculations have been performed using inhomo-
geneous and homogeneous human models [5], [13], [14]. The
studies [2]–[4], [15] show that a time-varying magnetic field
causes stimulation by inducing an electric field on an AIMD
inside the human body. However, in [15] and [2], no experimen-
tal verification is performed and in [4], experiments are only
performed for the Helmholtz coil. On the other hand, in [3], ex-
periments were performed on six mongrel dogs and the induced
current was measured with a current recorder. However, no an-
alytical explanation about the stimulation risk is carried out.

In a safety analysis of AIMD during an MRI examination,
a generic and simple formulation of the induced potential on
electrodes of AIMD has a critical importance. This will give
an insight into the worst case conditions for implants. With
this simple formulation of the induced potential on electrodes
and the knowledge of the lead impedance, the appropriate fil-
ter for leads to protect the patient from the stimulation risk
during MRI may also be designed. Although in [13], the in-
duced electric and magnetic field expressions were derived for
a homogeneous cylindrical body model so that the induced po-
tential on an electrode can be found, the provided expressions
involve complicated Fourier integrals to be calculated numeri-
cally. Hence, they are not suitable for obtaining a generic and
simple induced potential expression.

Therefore, in this study, we provide closed-form expressions
of electric and magnetic fields for a linear gradient field formed
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by an infinitely long cylindrical gradient coil. With the simpli-
fied field expressions, induced potential causing stimulation is
estimated by assuming a unipolar pacing model. We conducted
phantom experiments to compare the difference between our
estimated and actually measured potential values, and we also
tested the accuracy of our expressions in estimating the stim-
ulation risk with ex vivo frog nerve experiments. Experimental
results show that, using the simplified expressions, we can de-
termine the voltage induced on the implant lead if the path of
the implant lead is known.

II. THEORY

To estimate the stimulation risk, we need to calculate the in-
duced voltage on the implant lead, which can be deduced from
the induced electric field distribution. During the ramping up
and ramping down periods of the gradient fields, an induced
electric field �E is set up in the medium. If there is an implant
lead in the medium, insulated except for the tips and extended
in the direction of �E, then charge accumulates at the tips imme-
diately to generate an opposing electric field. The total electric
field is equal to the sum of the magnetically induced electric
field and the charge induced electric field. Near the tip of the
lead the charge induced electric field is the dominating one and
furthermore because it has steep variation near the tip it is the
cause of stimulation of a nearby nerve membrane [16].

The amount of current leaving the lead and flowing in the
medium due to the charge-induced electric field is determined
by the charge induced potential difference between the two
ends of the implant lead divided by the impedance which is the
sum of the contact impedances and the equivalent impedance
of the medium. This voltage difference can be calculated by
integrating the charge-induced electric field along the path of
the lead. This integral on the other hand is equal to the negative
of the integral of the magnetically induced electric field along
the path of the lead, since inside the lead the total electric field
is almost zero. This stimulation can be likened to the working of
a unipolar pacing system, where there is a lead connecting the
only electrode within the heart with a metal casing supplying
power.

In [13], to calculate the electric field �E, first the scalar po-
tential V , and the vector potential �A inside the gradient coil
have been solved by applying an appropriate boundary condi-
tion on the surface of a cylindrical volume. It is assumed that the
conductivity of the volume is uniform and nearly equal to the
average of the conductivity of tissues inside the body as done
in similar studies on the subject. Moreover, since the gradient
magnetic field is a low-frequency field, skin depth is assumed
to be much larger than the physical size of the stimulated tissue
region, which means that the induced current inside the body
is not a source to generate magnetic field. Similarly, for low
frequencies, the displacement current is also ignored. Under
these assumptions the scalar and the vector potential equations
have been simplified and utilized to provide the electric and the
magnetic field expressions inside the body in [13]. However, the
field expressions provided in [13] are defined in terms of their

Fourier transforms and the coil current distribution is required
for the computational analysis of the field distributions.

In this study, we provide generic simplified electric and mag-
netic field expressions that do not require the current distribution
to be known in advance. In addition to the same assumptions
with [13], we also assumed that the gradient coil is infinitely
long, in other words, gradient field is linear in everywhere.

According to the general principle of the target field method,
for a specified target field on a cylindrical surface with radius
c (i.e., ρ = c), the Fourier transform of the current flowing in
φ-direction can be found as the following [17]:

J
(m )
φ (k) = − B

(m )
z (c, k)

μ0kaIm (kc)K ′
m (ka)

c ≤ a (1)

where B
(m )
z (c, k) is the Fourier transform of the target magnetic

field in z-direction over a cylindrical surface with radius c;
Im (kc) and Km (ka) are the first and the second kind modified
Bessel functions of order m; k is spatial frequency; a is the
radius of the coil; and μ0 is the permeability of the medium.

As the design parameter, the z-component of the magnetic
field is given as Bz = xGx + yGy + zGz , where Gx , Gy , and
Gz are the gradient fields in the x-,y-, and z-directions, re-
spectively. For imaging purposes, Gx , Gy , and Gz are constant
within the volume of interest. In order to define the target mag-
netic fields in the z-direction for x-, y-, and z-gradient coils, the
g(z) function that describes the field variation in the z-direction
can be added to the predefined Bz field expression [18]. Sim-
plification of the field expressions is performed by using these
target fields.

For x-gradient coil, the target field is taken as Bz (c, φ, z) =
Gxxg(z) = Gxc cos φg(z). To find J

(m )
φ (k), first the Fourier

transform, B
(m )
z (c, k) for the given target field is defined as

follows:

B(m )
z (c, k) =

1
2π

∫ ∞

−∞

∫ π

−π

e−imφe−ikzBz (c, φ, z)dφdz

=
1
2π

∫ ∞

−∞

∫ π

−π

e−imφe−ikzGxg(z)c cos φdφdz

= Gxc
δ−1m + δ1m

2

∫ ∞

−∞
g(z)e−ikz dz

= Gxc
δ−1m + δ1m

2
g(k) (2)

where g(k) =
∫ ∞
−∞ g(z)e−ikz dz, the Kronecker symbol δjm has

the value 1 if j = m and 0 otherwise, and i =
√
−1. By inserting

this B
(m )
z (c, k) field into (1), the expression for J

(m )
φ (k) is as

follows:

J
(m )
φ (k) = −Gxc(δ−1m + δ1m )g(k)

2μ0kaIm (kc)K ′
m (ka)

. (3)

Equation (3) is used in the field expressions defined for a cylin-
drical volume with radius ρ0 given in [13], and the field com-
ponents in the form of Fourier transforms are derived. Before
starting the simplification, the inverse Fourier transform of each
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component is expressed as follows:

Eρ(ρ, φ, z) = −ωGx
1
2π

∞∑
m=−∞

eimφ

×
∫ ∞

−∞
eikz (δ−1m + δ1m )

mg(k)
2k2

c

Im (kc)

×
(

Im (kρ)
ρ

− Im (kρ0)I ′m (kρ)
ρ0I ′m (kρ0)

)
dk (4)

Eφ(ρ, φ, z) = −iωGx
1
2π

∞∑
m=−∞

eimφ

×
∫ ∞

−∞
eikz (δ−1m + δ1m )

g(k)
2k

c

Im (kc)

×
(

I ′m (kρ) − m2Im (kρ0)Im (kρ)
k2ρρ0I ′m (kρ0)

)
dk (5)

Ez (ρ, φ, z) = −iωGx
1
2π

∞∑
m=−∞

eimφ

×
∫ ∞

−∞
eikz (δ−1m + δ1m )

mIm (kρ0)
2k2ρ0I ′m (kρ0)

× cIm (kρ)
Im (kc)

g(k)dk (6)

Bρ(ρ, φ, z) = −iGx
1
2π

∞∑
m=−∞

eimφ

×
∫ ∞

−∞
eikz (δ−1m + δ1m )

cI ′m (kρ)
2Im (kc)

× g(k)dk, (7)

Bφ(ρ, φ, z) = Gx
1
2π

∞∑
m=−∞

eimφ

×
∫ ∞

−∞
eikz (δ−1m + δ1m )

mc

2kρ

× Im (kρ)
Im (kc)

g(k)dk. (8)

Note that the expressions will be different than 0, only for m = 1
and m = −1 indices due to the Kronecker delta functions δ−1m

and δ1m .
The function g(z), describing the z-variation of the magnetic

field, has to be chosen as given in [17] to satisfy the current
continuity condition. Accordingly, the function g(z) used in this
study is chosen as g(z) = 2sinc(2z/b) − sinc(z/b) and |z| < b
region of the function is shown in Fig. 1. The value of b is related
with the dimension of the coil in the z-direction.

Fourier transform of the gradient field B
(m )
z (c, k) is pro-

portional with the function g(k) as given in (2). The Fourier
transform of the g(z) function used in this study is shown
in Fig. 2. When left and right limits are equal to each
other, limb→∞

∫ ∞
−∞ g(k)f(k)dk = limk→0 f(k). Accordingly,

b-b

z

1

Fig. 1. Specified g(z) field.

b

k

0 1/2b 1/b-1/b -1/2b

Fig. 2. Fourier transform of the specified g(z) field. As b → ∞, two pulses
approach impulses at 0+ and 0−. However, g(k) remains equal to zero at k = 0.

the field equations can be simplified as follows:

Eρ(ρ, φ, z) = −iωcGx sinφ

[
lim
k→0

eikz 1
k2I1(kc)

×
(

I1(kρ)
ρ

− I1(kρ0)I ′1(kρ)
ρ0I ′1(kρ0)

)]

= −iωGx sinφ

(
ρ0

2 − ρ2

4

)
(9)

Eφ(ρ, φ, z) = −iωcGx cos φ

[
lim
k→0

eikz 1
kI1(kc)

×
(

I ′1(kρ) − I1(kρ0)I1(kρ)
k2ρ0ρI ′1(kρ0)

)]

= −iωGx cos φ(
ρ0

2 + ρ2

4
) (10)

Ez (ρ, φ, z) = −ωcGx sin φ

[
lim
k→0

eikz I1(kρ0)I1(kρ)
k2ρ0I ′1(kρ0)I1(kc)

]

= −iωGx sinφρz (11)

Bρ(ρ, φ, z) = −iGxccos(φ)
[

lim
k→0

eikz I ′1(kρ)
I1(kc)

]

= Gxz cos φ (12)

Bφ(ρ, φ, z) = iGxcsin(φ)
[

lim
k→0

eikz I1(kρ)
kρI1(kc)

]

= −Gxz sinφ. (13)
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In the derivation of (9)–(13), derivatives of the modified Bessel
functions are substituted with the appropriate recurrence rela-
tions for the modified Bessel functions [19]. Additionally, in
order to simplify the limit operation, small argument approxi-
mation for the Bessel functions is used. Note that since the elec-
tric field components vanish with the first-order small argument
approximation, the second order approximation is used for sim-
plifications. For y- and z-gradient coils, target fields are defined
as Bz (c, φ, z) = Gyc sin φg(z) and Bz (c, φ, z) = Gzzg(z), re-
spectively. The field expressions for these gradient coils are also
simplified in the same way applied to the x-gradient coil. The
resultant electric and magnetic field expressions in the Cartesian
coordinates, in time domain are obtained as follows [20]:

Ex =
xy

2
dGx

dt
+

ρ2
0 − x2 + y2

4
dGy

dt
+

yz

2
dGz

dt
(14)

Ey =
−ρ2

0 − x2 + y2

4
dGx

dt
− xy

2
dGy

dt
− xz

2
dGz

dt
(15)

Ez = −yz
dGx

dt
+ xz

dGy

dt
(16)

Bx = zGx − x

2
Gz (17)

By = zGy − y

2
Gz (18)

Bz = xGx + yGy + zGz . (19)

Note that (14)–(19) are obtained for a homogeneous cylindrical
volume with the assumption that the gradient coil is infinitely
long.

With these simplified electric field expressions, the induced
voltage on the implant lead can be calculated approximately by
integrating tangential E field over the length of the lead.

III. EXPERIMENTAL RESULTS

A. Experimental Setup

In this study, both phantom and ex vivo experiments are per-
formed with a Siemens Magnetom TimTrio 3 T system. In both
experiments, a fixed MRI sequence is applied and the changes
are observed. In the MRI sequence, no RF pulses are used. The
magnitude of the gradient pulses is set to 30 mT·m−1 with a ramp
up and down time of 170 μs. The pulse duration is set to 5 ms. In
the sequence, there is a 5-ms gap between each gradient pulse.
In phantom experiments, the implant is aligned along the z-axis
and the x-axis in order to verify the accuracy of the equations
for the field variations in the x- and z-directions. Forty different
implant lead positions along the z-axis are considered for the ex
vivo experiments. x-, y-, and z-positions of the leads are deter-
mined using the MR magnitude images. Approximate induced
potential on the lead is computed theoretically by integrating
tangential E field over the lead according to the position data.

Fig. 3 illustrates the cylindrical plexiglass phantom with a
diameter of 30 cm and a length of 50 cm used in the experiments.
Wires acting as an implant lead are fixed at different positions
in the phantom as shown in Fig. 3. The diameter of the wire is
0.8 mm. The wires are insulated without shielding. One tip of
the wire is left uninsulated and the other tip going out from the

ground tip

positioning platforms for leads

uninsulated tip

Fig. 3. Cylindrical plexiglass phantom with a diameter of 30 cm and a length
of 50 cm and the positioning of the lead.

Oscilloscope

insulated coaxial cable

twisted wires

MR Scanner

Plexiglass phantom
full with saline water

Fig. 4. Experimental setup: position of the wires, phantom and the oscillo-
scope.

uninsulated tip of the wire

sciatic nerve of the frog

frog leg

insulated wire as a lead

copper plate as a case

Fig. 5. Location of the frog leg and the lead inside the phantom.

phantom is connected to an oscilloscope probe. There is another
wire attached to this wire that acts as a ground which is taken
as a reference level. As an oscilloscope, Agilent InfiniiVision
DSO7032A is used.

The voltage is carried by insulated coaxial cable to the oscil-
loscope. Insulated wire outside the phantom is twisted in order
to ensure that the measurement is only coming from the lead
inside the phantom. The experimental setup is shown in Fig. 4.
For different implant lead positions, MR images of the phantom
are taken and the signal waveform observed from the oscillo-
scope is stored. For each lead position, the peak voltage values
observed in the oscilloscope are compared with theoretically
computed voltage values for the respective lead positions.

A model of the ex vivo experiment setup is shown in Fig. 5.
These experiments are performed using the sciatic nerves of
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Fig. 6. E-field distribution formed by the equation of our study for x-gradient coil. (a) Ex (y, x) for z = 0. (b) Ey (x, z) for y = 0. (c) Ez (y, z) for x = 0.
(d) |E(y, z)| for x = 0.

frogs. The nerve is kept alive inside Ringer’s solution. One tip
of a wire is soldered to a piece of copper plate, this plate emu-
lates the pulse generator when there is no electrical component
between the case and the lead, in other words when there is a
short circuit between the case and the lead. The other tip of the
wire touches the sciatic nerve of the frog as shown in Fig. 5.
Only the tip touching the nerve is left uninsulated (emulates the
electrode). The same cylinder used in phantom experiments is
filled with Ringer’s solution instead of saline water, and the frog
leg and the wire are fixed inside the phantom.

To determine the threshold voltage value that stimulates the
frog nerve, the same signal waveform observed during the phan-
tom experiments is generated with two signal generators outside
the MR scanner. The voltage is applied to the nerve with the
same insulated wire used in the experiments. By changing only
the amplitude of the signal, the minimum voltage value that
stimulates the nerve (i.e., the minimum voltage value at which
a muscular contraction is observed visually) is determined and
defined as the threshold voltage value. In the experiments under
MR scanner for different implant lead positions, the stimulation
of the frog nerve is observed visually. For each implant lead
position, with the help of the MR images, the induced voltage
values are computed and compared with the threshold voltage.

B. Results and Discussion

By using MATLAB (Mathworks, Natick, MA), the electric
field distributions are obtained by solving the simplified field
expressions for an x-gradient coil with a diameter of 0.65 m,
20 mT·m−1 gradient magnitude and 100 T·m−1 ·s−1 gradient
switching rate, which are the same as the parameters used in [13].

Fig. 6 shows these electric field distributions for a conducting
cylinder with 0.195-m radius.

In the linear region of the gradient field, the obtained field
patterns show similar characteristics with those given in [13].
In [13], the peak value of |E| for the x-coil with a gradient
switching rate of 100 T·m−1 ·s−1 is calculated as 5.25 V/m,
whereas at the same location, this value is found to be 6.3V/m
using the simplified expressions. In [5], this peak value is cal-
culated as 4.2V/m. For the z-coil, the peak value of |E| is
calculated as 4V/m in our study and in [13], it is 3.53V/m.

In the phantom experiments, the measured voltage value for
each lead position is compared with the analytically computed
voltage values. Fig. 7(a) shows the comparison of the calculated
and the measured voltage values when the x-gradient coil is
active and the implant leads are aligned in the z-axis along the
body. Fig. 7(b) shows the same comparison for the activation
of y-gradient coil. Unity line is shown to indicate the difference
between the expected and the measured values.

According to these results, when the lead is aligned along
the z-direction, the root-mean-square error between the calcu-
lated and the measured voltages is calculated as 26 mV. The
error may be due to the fact that in the course of deriving the
analytical expressions, both the gradient coils and the phantom
are assumed to be infinitely long. However, the lengths are ob-
viously finite in the experiments. For the z-gradient coil, the
simplified field expressions show that Ez is expected to be zero.
In the measurements, for the z-gradient coil, the voltage level is
in 5–10 mV range and noisy, so it is classified as an error.

Fig. 8 shows the comparison of the calculated and the mea-
sured voltage values when z-, y-, and x-gradient coils are active,
respectively, and the implant leads are aligned in the x-axis along
the body. According to these results when the lead is along the
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Fig. 7. Comparison of the calculated and the measured voltage values for the activation of: (a) x-gradient coil and (b) y-gradient coil. (Note that implant leads
are aligned in the z-axis along the body)

0 100 200 300-100-200-300
-300

-200

-100

0

100

200

300

calculated voltage (mV)

)
V

m(
egatlov

derus ae
m

(a)

-200-300
300

200

100

0 50 100-50-100

0

20

-20

40

60

80

100

-40

-60

-80

-100

calculated voltage (mV)

)
V

m(
egatlo v

de rusae
m

(b)

0 50 100 150
0

20

40

60

80

100

120

calculated voltage (mV)

)
V

m(
egatlo v

de rusae
m

(c)

Fig. 8. Comparison of the calculated and measured voltage values for the
activation of: (a) z-gradient coil, (b) y-gradient coil, and (c) x-gradient coil.
(Note that implant leads are aligned in the x-axis along the body).

x-direction, the root-mean-square error is calculated as 25 mV.
In order to verify that the provided expressions are independent
from the conductivity, experiments are repeated for different
conductivity values and measurements at the same lead posi-
tions are noted. For these experiments, conductivity values are
measured as 0.074, 0.25, 0.35, and 0.44 S/m. For five different
lead positions, similar measurement results are obtained with a
3-mV root mean square error. Note that in this study, the an-
alytical calculations and the experiments are done for only a
homogeneous body model and no comparison is given between
homogeneous and heterogeneous body models unlike the exper-
iments in [5]. However, if the field calculations cannot be done
for each patient specifically, there will always be calculation
errors; therefore, simplified expressions may suffice to obtain
approximate values to assess the stimulation risk.

In ex vivo experiments, six frogs are used and the stimula-
tion risk is observed at 40 different lead positions. The threshold
voltage value for stimulating the frog nerve is measured as 0.1 V
outside of the MR scanner. During MR experiments, coordinates
of each lead position is determined by MR images, and for each
case the approximate induced voltage values are calculated for
x-, y-, and z-gradient coils. It is seen that for 24 lead positions
the calculated voltage values are between 0.11 and 0.3 V. These
values are bigger than the measured threshold voltage and stim-
ulation is observed at these lead positions as expected. For the
remaining 16 lead positions, the calculated voltage values are
between 0.01 and 0.098 V. These values are smaller than the
measured threshold voltage; hence, stimulation is not expected.
However, in the two lead positions where the calculated voltages
are 0.094 and 0.098 V, stimulation is also observed. Therefore,
we decided to set an approximate threshold voltage level as
0.09 V allowing a 10% difference with the measured one. Note
that this 10% difference can be attributed to 5–10 mV error mar-
gin as mentioned before. A similar difference is also observed in
phantom experiments where the measured voltages are slightly
higher than the calculated ones for some lead locations.

The error in these simplified expressions needs to be inves-
tigated for noncylindrical and heterogeneous objects like hu-
man body. Furthermore, in this study, we assumed that the im-
plantable pulse generator (IPG) case is directly connected to the
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lead. Although this may be considered as a worst case condi-
tion, the impedance between the lead and the IPG and the other
circuit elements (e.g., EMI capacitors) used to enhance the MRI
compatibility of the AIMD can also be put into the model and
with this model gradient induced current passing through the
lead can be calculated with the knowledge of the induced volt-
age. This analysis with experimental verifications is planned as
a future study.

IV. CONCLUSION

In this study, we derived simplified expressions for the elec-
tric field inside the cylindrical homogeneous body model for a
perfectly uniform gradient field. These simple expressions may
be used to understand the nerve stimulation risk when there is an
implant. Both phantom and ex vivo experiments are performed
and results show that if the path of the implant lead is known,
the induced voltage on the lead can be estimated analytically.
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